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Electro-aerodynamic instability of a thin dielectric liquid sheet sprayed with an air stream

M. F. El-Sayed
Department of Mathematics and Computer Science, Faculty of Science, United Arab Emirates University, P.O. Box 17551,
Al Ain, United Arab Emirates
(Received 23 February 1999

The instability of a thin sheet of dielectric liquid moving in the same direction as an air stream in the
presence of a uniform horizontal electric field is studied theoretically. It is found that aerodynamic-enhanced
instability occurs if the Weber number is much less than a critical value related to the ratio of the air and liquid
stream velocities, the electric field, and the dielectric constant values. The electric field is found to have a
stabilizing effect, and there exists a critical Weber number above which instability is suppressed by the surface
tension effect. The condition for disintegrating the sheet is obtained in terms of the electric field values, and
some limiting cases are recover¢81063-651X99)01312-4

PACS numbd(s): 47.20.Ma, 47.35ti, 47.65+a

[. INTRODUCTION grow rapidly, causing sheet instability. fperforated sheet
disintegration, disturbances on the sheet puncture it when the
The instability of a thin liquid sheet is of considerable sheet becomes thin enough, and the resulting holes expand
scientific and technological importance, and has been extemegularly by surface tension until they coalesce, forming
sively studied in the past. Practical applications of plane ligthreads. Inair impact disintegration, the disruption of the
uid sheets can be found in power generation and propulsioliquid is very near to that of a twin-fluid nozzle, where two
systemd 1], chemical and pharmaceutical procedsgssur-  streams of air and liquid are caused to impinge together.
face curtain coatings, and in the adhesive indug8ly In Squire[4] and Hagerty and Shd&] examined the insta-
connection with atomization, the stability and breakup pro-bility of an inviscid liquid sheet in a stationary gaseous me-
cess of thin liquid sheets has been investigated by Sfdiiye  dium. Their analytical results show that the surface tension
Hagerty and Shefs], Dombrowski and Johngg], among forces always tend to stabilize any proturberances, and when
others. Most of the past studies in this regard have beethe aerodynamic forces resulting from the interaction be-
summarized by Lefebvrgl]. For recent excellent investiga- tween the liquid sheet and the ambient gas are dominant, the
tions about the subject and to different physical problems otlisturbances will be further enhanced, i.e., the sheet will be-
interest, see Ref$7—13. In all the above-mentioned stud- come unstable and evantually disintegrate. Dombrowski and
ies, the effect of an applied electric field, which has numerJohns[6] extended the analysis by including the effect of
ous applications in astrophysics, chemical engineering, anlijuid viscosity, and their results are only valid for very large
industry [14], has not been taken into consideration. If theliquid velocities(or Weber numbejsdue to the approxima-
thin liquid sheet is stressed by an applied electric field, thenions made there. The hydrodynamic of capillary waves on
the conditions of stability will be considerably modified. free, viscous, liquid sheets has been investigated by Joosten
The fundamental principle of the disintegration of a liquid et al.[17]. The effect of the forces responsible for the stabil-
sheet into drops consists of the following mean stagegty of the sheet has been accounted for in the boundary con-
[15]: (i) initiation of small disturbances at the surface of ditions. Their experimental results, obtained by laser beat
the liquid, (i) the growth of these disturbances until liga- spectroscopy, were in qualitative agreement with theory. The
ments or threads are formd(di) the breakup of ligaments or weakly nonlinear surface waves on liquid sheets in which
threads into drops, an@v) further breakup of these drops in long-range interaction forces are operative is reported by
their movement through air. Four modes of disintegrationJooster{17].
have been definefil6]: rim, wavy sheet, perforated sheet, The sheet oscillations can be divided into symmetrical
and air impactRim disintegration occurs due to the contrac- and antisymmetrical modes. For the former, the displacement
tion of the sheet edges under the effect of surface tensiomf the corresponding points on the free surface is equal in
whereas threads are pulled out of the rim during contractionmagnitude and in the opposite direction, and for the latter the
In wavy sheedisintegration, any small protuberance on thedisplacements are in the same direction. Examining the aero-
sheet is subjected to two opposing forces: surface tensiodynamic instability of liquid sheets moving in still air, Squire
force which draws the liquid back to the original undisturbed[4] found that the degree of instability of symmetrical oscil-
shape, and aerodynamic force which pulls the liquid outdations is very much less than that of the antisymmetrical
ward. If the aerodynamic force exceeds the surface tensioones. It might be mentioned that practically any finite width
force, then any small disturbance present in the sheet wiliquid sheet at low velocity would be destroyed by the edge
of the surface tension effecfd8]. Also for liquid sheets
produced by swirl nozzles, the liquid sheet would become a
*Also at Department of Mathematics, Faculty of Education, Ain liquid bubble at sufficiently low velocity1].
Shams University, Roxy, Cairo, Egypt. Electronic address: The present investigation, therefore, deals with the sheet
elsayed@nyx.uaeu.ac.ae disintegration through aerodynamic instability when the di-
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electric sheet is moving in the same direction as an aiwhere c=nc+iB. Note that, in this case, unstable waves
stream, and in the presence of a uniform horizontal electrievill result if the aerodynamic forces exceed the surface ten-
field. This problem, to the best of my knowledge, has notsion and electric field forces.

been investigated yet. The investigation given below treats

the sheet as two dimensional, irrotational, and of constant |||, BOUNDARY CONDITIONS AND SOLUTIONS
thickness, considering only antisymmetric oscillatigpse- ) ) o
dominant for instability as mentioned by Squ[#) of the Since the equation of the upper surface is givenyby
moving sheet. = y+a, wherenp= n(x,t), then

dnp dJn dJdnydx
II. BASIC AND PERTURBATION EQUATIONS at ot + ox dt”
Consider a two-dimensional irrotational sheet of dielectric
liquid of densityp,, dielectric constang,, surface tension
T, and thicknes$i=2a, moving with velocityU, along an
air stream(on both sides of the shegethich is of density

Neglecting second-order terms, then the kinematic boundary
conditions can be written in the form

an R

p», dielectric constant,, and moving with velocityU,. —+U;—=—— at y=a, (8)
The whole system is influenced by a uniform horizontal elec- ot 28 Iy

tric field Eq in the positivex direction, where the origin is .

located at the midplane of the liquid sheet. We also assume ’9_7l+ an_ & t y= 9)
that the quasistatic approximation is valid here; then the elec- ot Zox oy a y=a

tric field can be derived from a scalar potentidl (i.e.,
E=—VW¥). Accordingly, Maxwell’s equations reduce to ~ Where®, refers to the upper regioyp>a.
Suitable expressions fab; ,®,, which satisfy the above
VXE=0, (1) conditions(8) and(9) together with Laplace’s equatioi(s),
are found by inspection to be
V-(¢E)=0. (2

[oa
n

sinhny
coshna’

In aerial application of spray, when nozzles are directed (1)1=|7/< U (10

backward, we have the case of a liquid sheet moving with an
air stream. Consider this sheet to be slightly disturbed; we , o
will then show that the forces acting on the disturbed inter- Pp=-i ”(ﬁ_ Uz)exp[—n(y—a)}. (11)
face will be the surface tension and the applied electric field,
which tend to draw the liquid back to its original undisturbed The applied electric field should satisfy the following
shape, while the surrounding air velocity will be increased boundary condition§19—21.
creating a local decrease in pressure which tends to pull the (i) The tangential component of the electric field is con-
liquid outward. tinuous at the interface, i.e.,

Let®/ andW¥|, j=1,2, be the disturbance potentials of ) ,
the motion, and the electric field in liquid and air, respec- &: & at v=a (12)
tively, then the velocity potential and the total electric field X X y=a

in the liquid and air can be expressed in the form B o .
(iil) The normal component of the electric displacement is

¢j=—Ux+ ¢>j’ . =12, ©) continuous at the interface, i.e.,

Ej=Ei—VV¥/, j=12 4) N-e1E1=N-s5E;, at y=a, (13)

) ) ] ) where the unit normal vectoN to the interfaceF=y
where the velocity and electric potentiads; and ¥, j — 7(x,)=0, to the first-order terms, is given by
=1,2, satisfy Laplace’s equations
N=VF/|VF|=—ingi+j, (14
V2 =0, (5)
wherei andj are the unit vectors in the andy directions,
v2y! =0, (6) respectively.
! Using Eqgs.(4), (7), and(14), the suitable expressions for
The displacement of sheet surfage= 7(x,t) can be ex- ¥1.¥2, which satisfy the above conditior42) and (13),
pressed in the formy=A explin(x—ct)}, whereA is the am-  together with Laplace’s equatiori§), can be written in the
plitude of the waven(=2#/\) is the wave numbedn being ~ form

the wavelength of oscillations; is the wave propagation iEq(sp—2,)p sinhny

velocity, andt is the time. Now, ifA is expressed in the form v= i , (15)
A=A, exp(Bt), then instability will exist only ifs is found to (e2+¢, cothna) sinhna
be real and positive, angl can now be written in the form )
, (Eo(ex—e1)m
V) )=——————exp[—n(y—a)}. (16

n=Agexpi(nx—ot)}, (7) 2" (g,+&, cothna)
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The pressure condition at the free surfacé2g]

oV,  gv; Pn
Pl—P2+E0 SZW_SJ'W =—T[?—Xz' at y=a,
17

whereT is the surface tension coefficient.

IV. DISINTEGRATION OF THE LIQUID SHEET
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and

B nycothna

A S 12— 2 2
U, 1+rcothna{r(l U)“—(1+r cothna)[(Eg/p,U7)

X(g,—£1)%(8,+ &, cothna) 1+ naw]}¥?, (23
whereW (=T/p,U?a) is the Weber number. Since in prac-
tical applicationsna is very small[4], then considering the
approximation tanha=nain Eq. (23), we obtain

Now applying the pressure equation of incompressible

fluid for both liquid and air, i.e.,

P V2 H5d’ .
_+ —_— e =
, 2 ot const,

in which the gravitational force is neglected, then the pres-

sure condition(17) reduces to

abl adl] [od, D)
e B I
. v, A
+ P
0 #2755 F1 gk
L N 18
=—T—z at y=a (18)
which after substituting fo; andW¥;, j=1,2, from Egs.

(10), (11), (15), and(16) yields the following dispersion re-
lation:

2
tanhna+ p,

g U 2
n 2

Tn. (19

g

P1 H_Ul
Ed(er—1)?

~ (e,+e,cothna)

Dividing Eq. (19) by p,U2, and callingp,/p;=r and
U,/U;=U, we get

g 2 g 2
(n_Ul_l +r n_Ul_U) cothna
cothna| EZ(s,—&1)?
VT (szi(sfcot;)na)JrTn' 20
Solving Eq.(20) for o/nU,, we obtain
o :1+rU (:othnai \/m (—r1-U
nU; 1+rcothna ~ 1+r cothna
+(1/p1U3)(1+r1 cothna)[E3(s,—£41)?
X (g,+ &4 cothna) ™t +Tn]}*2 (21)

Unstable waves will occur only iB is real and positive,
i.e., o(=nc+iB) is to be complex. Therefore, Eq21)
yields

¢ 1+rU cothna

U, 1+rcothna (22

N 1+r/na)~ !
?: rnal r+na) [r(l—U)z—(naJrr)
1 rve,na+te;
E2(5—en)2 12
_Eoleemea” 24)
piUi(eznatey)

The minimum wavelength for instability to occur is found
to be with the condition3=0, for which it can be written
that

na=—3{(E§/p1UiWes)(e,—£1)*—r[(1-U)°W 1]}
+3({(E§/p1UTWe2) (22— £1)?
—rl(1-U)wi-1]}?
—4r{(E§/p;UiWe,) (82— £1)?

—(s1/ex)[(1-U)’W=1]*2 (29
Then the corresponding wavelength,, will be
Nmin=2m/n, (26)

wheren is given by Eq.(25).
From EQgs.(25 and (26), it can be concluded that the
condition forA i, to be infinite is

e1[(1-U)* | E(er—e)? -
Eo W P1U5W82 '
Hence, for instability it must be
(1-U)? Eg(e2— 1) 28
W pluiwel ’ 28

which is the condition for disintegration of the liquid sheet in
the presence of the applied electric field. Therefore, the lig-
uid sheet in this case will disintegrate according to the wavy
sheet modd16]. Equation(28) reduces to the same condi-
tion obtained earlier by Rashed al.[22], in the absence of
the electric field(i.e., whenEy=0). It reduces also to the
same equation obtained by Squjig in the limit when both

Ey andU vanish. Note that if the condition given by E@8)
does not exist, then the sheet will not disintegrate according
to the wavy sheet mode, and the disintegration will occur
according to another mode, which is referred to as the per-
forated sheet modg22]. Also, the wavelength for maximum
instability can be obtained whef is maximum, i.e., if the
conditiondB/dn=0 [using Eq.(24)] is satisfied. The result-
ing formula, following Squird4] and Rasheét al.[22], can

be obtained, and this will not be given here because it is very
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lengthy. For an inviscid liquid sheet, it is found that only one  (iii) In the limiting case whetJ,=0, i.e., when the liquid
mode of instability coexists, namely, aerodynamic-enhancedsheet moves with velocity ; in motionless air, the values of
and the mechanism of instability is due to the interfacialthe Weber numbew in this case should be very much less
pressure fluctuations. In this case, the aerodynamic forcapan those valuegobtained previously by Squirel]) if the
resulting from the interaction between the thin liquid sheetg|ectric field is absent.

and the ambient air are found to be responsible for the insta- (i) There exists a critical Weber number below which the
bility of the inviscid sheet. In the limit of minimum and gface tension is the source of instability, whereas above
maximum wavelengths, it is found also that instability is duis critical value, instability is suppressed by the surface
to the velocity jump across the two liquid-air interfaces, andiqqjon effect, and is promonted by the aerodynamic interac-

g?i?si?:gleKaeI:ViSr:reHirlnmLOOIttZeinc;tt};?)riiithence it is related to the;o penyeen the liquid and air phase in the presence of the
Y- applied electric field.

Finally, the following conclusions, on the analysis of
electro-aerodynamic instability of liquid sheets sprayed with
an air stream, can be outlined.

(i) Instability occurs if the Weber numb#Y is much less
than (1-U)? in accordance with Eq28), and in this case
the surface tension, affected through the Weber number, al- The financial support of the Natural Sciences and Engi-
ways acts as a stabilizing agent. neering Research Council of United Arab Emirates Univer-

(i) The presence of the electric field reduces the range dsity is gratefully acknowledged. | would like also to thank
instability rather than in the absence of it, therefore the apProfessor L. Stenfl¢Sweden for his critical reading of the
plied electric field has a stabilizing effect on the aerodynamiananuscript and his useful comments.
instability of the liquid sheet.
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